We consider chiral perturbation theory with a nonzero θ term. Because of the CP violating term, the vacuum of chiral fields is shifted to a nontrivial element on the SU (N f ) group manifold. The CP violation also provides mixing of different CP eigenstates, between scalar and pseudoscalar, or vector and axialvector operators. We investigate upto O(θ 2 ) effects on the mesonic two-point correlators of chiral perturbation theory to the one-loop order. We also address the effects of fixing topology, by using saddle-point integration in the Fourier transform with respect to θ.
I. INTRODUCTION
fixed topological sector of the theory, by Fourier transform of the partition function with respect to θ. Expanding the vacuum energy as f (θ) = c 2 θ 2 /2 + c 4 θ 4 /4! · · · and performing the saddle-point integration order by order, one can investigate how the topology affects the physical quantities and evaluate the difference between the physics between the θ vacuum and the one at fixed topology [11, 12] . Inversely, it is also possible to determine the vacuum energy of QCD as a power series of θ, from the physical observables at fixed topology. In
Refs. [11, 12] , a general formula to O(1/V 2 ) is calculated which converts the observables at fixed topology to those in θ = 0 vacuum treating c 2 , c 4 , · · · as unknown parameters. It is, therefore, an important task to calculate these parameters within QCD or the low energy effective theory to quantify the effects of fixing topology.
In fact, QCD at fixed topology can be investigated by lattice QCD simulations. Employing the overlap Dirac operator [13] which preserves the exact chiral symmetry, we are able to define the topological charge on the lattice. JLQCD and TWQCD Collaborations are using a topology preserving way [14] to avoid discontinuities of the overlap fermion determinant, which considerably reduces the computational cost. The conversion formula between θ vacuum and fixed topology is, therefore, essential in extracting the low energy constants such as the chiral condensate Σ [15] , the pion decay constant F [16] and the topological susceptibility [17] .
Because of its global topological nature, the θ vacuum effect is totally infra red physics and, therefore, should be described by the lightest particles, or pions, within chiral perturbation theory. In this paper, we discuss ChPT with nonzero value of θ as well as at a fixed topology.
The formulation and general qualitative discussion are already given in Refs. [3, 18] . Our goal is to explicitly calculate the meson correlators to the next-to-leading order (NLO) in the θ vacuum (and in a fixed topological sector) at finite volume, which may be directly compared with lattice QCD. In Sec. II we will observe that the vacuum of chiral fields is located not at identity but at a nontrivial element on the SU(N f ) group manifold. In the p expansion of the chiral Lagrangian, this vacuum shift provides as a source which mixes the different CP eigenstates (Sec. III). In Sec. IV, we will calculate the θ vacuum effect upto O(θ 2 ) on the mesonic two-point correlation functions in ChPT to NLO. In Sec. V we will also address the physics at fixing topology, by using the saddle-point integration in the Fourier transform with respect to θ, as discussed above. The concluding remarks are given in Sec. VI.
II. CHIRAL LAGRANGIAN TO THE LEADING ORDER
We consider the N f -flavor chiral Lagrangian in the θ vacuum,
where U(x) ∈ SU(N f ), Σ is the chiral condensate, and F denotes the pion decay constant both in the chiral limit. Here θ, the QCD vacuum angle, appears as the phase of the mass term, reflecting the picture that the θ term can be converted to the chiral rotation of the quark bilinears through the anomalous Ward-Takahashi identity. In the mass matrix,
we have N v valence flavors and N f dynamical flavors.
In the partially quenched case [19] , we use the so-called replica trick, where the calcula- The system is assumed to be in the so-called p regime, where the Euclidean space-time volume V = L 3 T is large enough so that the perturbative expansion is performed according to the counting rule,
in the units of a cutoff scale.
Note that due to the vacuum angle θ, the expectation value of U(x) is located not at the identity but a nontrivial element of SU(N f ) (let us denote U 0 ). It is, therefore, useful to define the new variable and mass matrix,
and rewrite the Lagrangian,
whereŨ(x) can be expanded around the identity as usual;
where ξ is an element of SU(N f ) Lie algebra.
By this vacuum shift, Eq. (5) explicitly shows that the nonzero θ vacuum physics is equivalent to that in the θ = 0 vacuum but with a complex mass matrix M θ . Our task in the following is, therefore, to determine U 0 (or equivalently M θ ) and then to calculate the difference between the systems with the complex M θ and a simply real diagonal M.
A. Vacuum shift U 0
Let us first calculate the vacuum expectation value U 0 , which minimizes the Lagrangian density of the zero-mode
For small θ, by parametrizing U 0 = exp(iξ 0 ), the problem is equivalent to finding the minimum of a potential
where λ denotes the Lagrange's multiplier to guarantee the traceless solution.
It can be recursively shown, order by order, that all the off-diagonal parts of ξ 0 are zero.
For the diagonal elements, one obtains from which one can read off the vacuum energy density at the tree level 1 , as a function of θ. In particular, the coefficients of θ 2 (the topological susceptibility χ t ) and θ 4 (we denote
are important when we consider the effect of fixing topology as previously discussed in
Refs. [11, 12] .
Another important observation follows from the fact
where 1 denotes the N f × N f identity matrix. Noting Trξ = 0, the contribution from the imaginary part of the mass matrix then becomes ∼ O(p 5 ) so that we can neglect it at the leading order.
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In this subsection, we have derived the vacuum expectation value U 0 upto O(θ 4 ) level.
The most part of this paper, however, requires only O(θ 2 ) contribution and one can neglect the 3rd term of Eq. (9) or set a i = 0.
B. Propagator of ξ(x)
Let us now expand the Lagrangian in ξ,
Here
where m i (θ) is defined by
1 For the N f = 2 case, a nonperturbative expression of the vacuum energy density is known [20] , from which one can read off χ t , c 4 [21] , and any higher order coefficients c 2n 's. 2 It of course gives contributions at NLO. and again there is no significant difference even if we extend the theory to the partially quenched one; we just set m i = m v .
The Feynmann propagator (in a finite volume) is then obtained:
where the second term comes from the traceless constraint Trξ = 0. The definitions of ∆ and G are given by (unless N f = 0)
where the summation is taken over the 4-momentum
with integers n i 's.
III. ONE-LOOP CORRECTIONS
Since we are interested in at most one-loop corrections to the two-point functions, we can 3 When N f = 2, due to the pseudoreality, the number of independent terms is reduced to 5, of which coefficients are denoted by l i 's [3] .
Expanding the chiral field according to Eq. (6), we obtain
. The first 4 terms can be absorbed into the redefinition of kinetic and mass terms, as usual in the case with θ = 0. The 5th and 6th terms represent a peculiar contribution due to nonzero θ.
We have kept the constant (but θ dependent) terms in the last 3 terms for the calculation of topological susceptibility, which we will address later.
A. Vacuum shift at one-loop
Let us start with O(p 5 ) terms, which appears only in the nonzero θ vacuum:
Taking contractions of ξ's in the first term, and noting i ξ ii = 0, it becomes
where
which gives an O(p 2 ) contribution. Here θ dependence of the masses is dropped, since it (25) . Note
The above linear term in ξ in Eq. (24) requires further shift in the vacuum U 0 (×e −iθ/N f );
where the phase of ith diagonal component is given by
with
Again, we have ignored
The meson mass is also shifted as
and the effective Lagrangian up to
B. Inserting sources
Next, we consider insertions of the pseudoscalar and axial vector sources, p(x) and a µ (x).
Since the parity symmetry is broken by the θ term, we will see that these source terms have unusual contributions which look like scalar or vector operators. It is therefore convenient to define the shifted Hermitian sources as
where we have assumed the original p(x) and a µ (x) are both Hermitian and traceless matrices. In the following, we consider only charged meson type sources which have two different flavor indices. For this case the absence of the diagonal parts:
(for all i) simplifies the calculation.
C. One-loop effective Lagrangian with sources
In the expansion of the leading Lagrangian Eq. (15), we also have O(p 6 ) terms,
from which contribution can be calculated in a straightforward way as in the case at θ = 0 [3] .
Collecting all contributions so far, the LO + NLO effective Lagrangian, including the pseudoscalar and axial vector sources, is given by
where we have omitted θ-independent constants. We also have omitted multi n point vertices for n > 3, which are irrelevant for the two-point correlation functions below.
In the above result, the Z factors are given by
and its derivative
are UV finite at x = 0, and both vanish when
2 ) are logarithmically divergent, and the divergent parts are evaluated by the dimensional regularization at D = 4 − 2ǫ as
where γ = 0.57721 · · · denotes Euler's constant. As is the usual case, these divergence can be removed by the renormalization of L i 's as
where L r i (µ sub )'s denote the renormalized low energy constants at the subtraction scale µ sub and
As a result, Z After this procedure, one can replace ∆(0, M 2 ) by
where g 1 denotes the finite volume contribution [23] :
where K 1 is the modified Bessel function and the summation is taken over the four-vector
already gives a good accuracy when ML > 3. For the explicit expression of
It is noted here that the 8th term of Eq.(36) does not contribute to the NLO two-point functions, since we consider only off-diagonal sources, p(x) i =j or a µ (x) i =j , whose coupling to the diagonal element ξ ii is of higher order [next-to-next-to-leading order (NNLO)].
IV. TWO-POINT FUNCTIONS
Pseudoscalar and axial vector correlators are obtained by the functional derivatives of the partition function
with respect to the sources p and a µ .
Here we derive the two-point correlation functions of these operators in an irreducible representation which consist of two different valence quarks. We consider the most general nondegenerate case where their masses are denoted by m v and m v ′ , respectively. More explicitly, we calculate the three types of correlation functions with zero momentum projection (three-dimensional integral),
, (48)
where we denote t = x 0 . As mentioned before,the partial quenching is performed by the replica trick: extending the number of flavors
the correlation functions are given by
Here, [C The correction to the pseudo-Nambu-Goldstone boson mass is given by
and the pion decay constant is extracted from the PP(t, m v , m v ′ ) and AP(t, m v , m v ′ ) correlators in a standard way as
The definitions of
One should note that for very small θ, the above formulas can be greatly simplified by
V. FIXED TOPOLOGY
From the θ dependence obtained so far, we can derive the correlators in a fixed topological sector of Q. It is known that an observable at a fixed topology (let us denote G Q ) is related to the one in the θ vacuum [G(θ)] by a formula [12] ,
which is valid in the general theories. Here, χ t ≡ Q 2 /V denotes the topological susceptibility and c 4 is the coefficient of θ 4 term of the vacuum energy of the theory.
One should note that in ChPT, the θ dependence only appears in the mass term, so that A. χ t at one-loop
Let us first calculate χ t within chiral perturbation theory at NLO [21] . For c 4 , as explained above, the tree level calculation we have given in Eq. (13) is enough upto NNLO corrections.
By switching off the source terms, one obtains from the mass term and terms in the last line of Lagrangian Eq.(36),
where all the masses in the last line are those at θ = 0, or namely M (45) and (43), respectively. Since the topological susceptibility is a coefficient of the θ 2 term in the QCD vacuum energy, it does not depend on L 4 and L 5 at NLO, which only appear as corrections to the kinetic term.
B. NLO correction from fixing topology
As discussed above, the next-leading order correction from fixing topology can be calculated at the tree-level. The above formula is then simplified:
where χ t = χ LO t =mΣ is used. Furthermore, we can ignore all NLO × O(θ 2 ) terms in the correlators G(θ). Note here that we could have omitted Q 2 term for small Q but kept it, since it gives a Q 2 = χ t V ∼ O(1/p 2 ) contribution when the topology is summed over again in the θ vacuum.
Substituting the expressions in the previous section into Eq. (60), we obtain the correlators in a fixed topological sector of Q:
where the valence pion mass at fixed topology is given by
and
where χ t =mΣ. Note that each correction vanishes when summed over the topology, since
From the above Q dependent correlators, the conventional extraction of the pion decay constant, of course, receives a correction from fixing the topology:
Note that the correction at NLO disappears when m v = m v ′ .
C. NNLO corrections from fixing topology
In this subsection, we discuss NNLO corrections from fixing topology to the two-point correlators. Here we do not calculate two-loop diagrams at θ = 0. They are already known in N f =2 and 2+1 theories [24] - [31] . Hereafter we denote them with a superscript "two-loop."
Ignoring the multipion states, the functional form of the correlators at two-loop in the θ vacuum has the following form:
where C(θ) denotes the time-independent coefficient, while f (M(θ), t) represents the oneparticle propagator with a mass M(θ).
In a fixed topological sector, however, the correction can not be factorized as C Q × f (M Q , t) at two-loop level or more. Using notations
for an arbitrary function O of θ, and directly substituting the above expression into Eq. (58), one obtains at NNLO that
Note that due to C (2) (0)/C(0) dependence in D Q , which is channel dependent, and the second derivative term, the correction in Eq.(71) cannot be simply absorbed into the mass shift in f (M, t).
For more explicit expressions, we have to calculate the 2nd and 4th derivatives of various quantities with respect to θ. We summarize them in Appendix D. Using the notations there, the correlators at NNLO in a fixed topological sector Q are given by
where J and J ′ represent the operators P or A,
As is the mass correction, the decay constant at fixed topology is not uniquely extracted from the correlators. If one has a good control of t dependence in Eq.(74) on the lattice, however, a choice is to extract it from the coefficients [C
In spite of a complicated channel dependence and nontrivial t dependence, one can see that the (axial) Ward-Takahashi identity is kept even at fixed topology;
which can be easily checked by starting from time derivative of the correlator in the θ vacuum, ∂ t A 0 P(t, m v , m v ′ ) θ , and performing integrals over θ.
VI. CONCLUSION
We have discussed ChPT with a nonzero θ term. As a result of CP violation, the vacuum of chiral fields is shifted to a nontrivial element on the SU(N f ) group manifold. We have calculated this vacuum shift at O(θ 3 ) level, as well as the one-loop corrections, from which the topological susceptibility and c 4 , the coefficient of θ 4 in the QCD vacuum energy, are extracted.
The CP violation also causes mixing among different CP eigenstates, between scalar and pseudoscalar, or vector and axialvector operators. We have calculated the mesonic two-point functions upto O(θ 2 ) to the one-loop order and θ dependence of the pion mass and decay constant are obtained.
We also have evaluated the effects of fixing topology, by Fourier transform with respect to θ. We found that the effect of fixing topology is considerably suppressed as expected; the tree level diagram only affects on the NLO corrections, one-loop diagram only contributes to the NNLO corrections, and so on.
As applications of this study, it would be interesting to investigate three or four point functions, CP odd observables as well. It would be also important to compare our results with lattice QCD simulations.
The diagonal part of the correlator
can be, in principle, expressed in terms of ∆(x, M 2 ). In this appendix, we consider the most general case with arbitrary number of flavors. The UV divergence of G at x = 0 is also discussed. Furthermore, explicit examples for the degenerate theory and nondegenerate N f = N l + N s flavor case will be given. The similar discussion can be found in Ref. [32] .
In the following, for simplicity, we omit the argument θ in M 2 ij (θ). Therefore, M 2 ij means M 2 ij (θ), unless explicitly stated. Let us first define a function
where k denotes the number of "different" quark masses, and n i ≥ 1 is the degeneracy of the ith mass, which satisfies
for all i. Noting that f (t) is a monotonically decreasing function,
one can show that an equation f (t) = 0 has k − 1 different solutions (we denote them by
Therefore, f (−p 2 ) can be written in a rational form:
where the coefficients A
f 's, etc. are given by the residues of
ii is equal to any of the physical masses.
Next, we consider the UV divergence of G(x = 0, M 
where the logarithmic divergence of the last line is canceled by a renormalization of L i 's as seen in Sec. III. Note that the quadratic divergence from 1/p 2 term is absent in the dimensional regularization.
Here, we give some explicit examples. For the fully degenerate case, i.e., equal masses
sea for all sea flavor f , the above expression for G is greatly simplified,
For the N f = N l + N s flavor theory, where we have N l quarks of mass m l and N s quarks of mass m s , the equation f (t) = 0 is easily solved and one obtains
Appendix B: Correlators of ξ's at finite volume
In this appendix, we list several useful formulas for the correlation functions of ξ fields
In particular, we consider the zero-mode projection or the three-dimensional spatial integrals.
A useful identity is
which holds for an arbitrary regular function g(p). For example, by setting g = 1, it is easy to obtain
where we denote t = x 0 .
Rather nontrivial ones are
where |q
As one expects, they are O(e −(M 1 +M 2 )t ) for large T , which describes the two pion state's propagation.
In this paper, we also need
, and
where the summation is taken over 
Note that the logarithmic divergences are canceled by the renormalization of L i 's (See Appendix C).
Appendix C: Details of two-point correlators
In this appendix, we list several equations which are needed to calculate Eqs. (53), (54) and (55).
We first define
In the above expressions, we have omitted the argument θ in the mass unless its difference 
For example, C ij X (t) is explicitly given by
where k is the number of different sea quark masses, and the coefficients A, B, C's andM 2 ll are given in Appendix A.
Rather nontrivial integrals are 
Note that 1/ǫ divergence is canceled by the renormalization of L 7 and L 8 .
Finally we present the overall coefficients in Eqs. (53), (54) and (55):
where we have defined Σ
F (θ)) 2 and dimensionless coefficients Z's are given by 
represent the renormalized values at a reference scale µ sub . In these functions one can ignore the argument θ of the masses and just put M 
